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Introduction. Black holes occupy a singular position in modern physics: they are simultaneously 

among the most extreme predictions of Einstein's general theory of relativity (GTR) and among the most 

consequential objects for the physical universe. Defined formally as regions of spacetime from which no 

causal signal can escape bounded by a one-way membrane known as the event horizon black holes arise 

naturally as end states of gravitational collapse and as inevitable mathematical consequences of Einstein's field 

equations (Einstein, 1915; Schwarzschild, 1916; Penrose, 1965). Yet the mere mathematical existence of a 

solution to the field equations does not guarantee its physical relevance; for a black hole solution to be 

considered a genuine astrophysical object, it must exhibit a crucial property: stability under perturbation. 

In physics, the stability of an equilibrium configuration refers to its capacity to return to or remain near 

its original state following a small disturbance. For black holes, this question is both physically profound and 

mathematically formidable. A black hole that is unstable under small perturbations would, upon interaction 

with any passing radiation or infalling matter, rapidly evolve into a qualitatively different object, thereby 

casting doubt on whether the idealized mathematical black hole solutions reflect observable astrophysical 

reality. Conversely, a proof of stability constitutes strong theoretical support for the physical reality of black 

holes and validates general relativity in its most extreme regime (Klainerman & Szeftel, 2022). The question 

of stability connects to some of the deepest conjectures in mathematical general relativity, most notably the 

Cosmic Censorship Conjecture (Penrose, 1969), which asserts that singularities arising from gravitational 

collapse must remain hidden behind event horizons, and the Final State Conjecture (Christodoulou, 1999), 

which holds that a generic solution to the Einstein vacuum equations settling down to a stationary state will 

converge to a member of the Kerr family of black holes (Dafermos & Rodnianski, 2013). Both conjectures 

implicitly require that black hole solutions be stable: an unstable Kerr black hole, for instance, could not serve 

as a universal final state of gravitational evolution. 

Historical Development. The mathematical study of black hole stability was initiated in 1957 by Regge 

and Wheeler, who performed the first rigorous linear perturbation analysis of the Schwarzschild black hole. 

By decomposing metric perturbations into odd-parity (axial) and even-parity (polar) modes and reducing the 

problem to a one-dimensional wave equation with an effective potential barrier, they demonstrated that axial 

perturbations of the Schwarzschild metric are stable at the linear level the potential is positive definite, 

supporting no exponentially growing modes (Regge & Wheeler, 1957). This work laid the analytical 

foundation for all subsequent stability analyses and introduced the “tortoise coordinate” and effective potential 

formalism that remain central tools in the field. 
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A corresponding treatment of even-parity (polar) perturbations was achieved by Zerilli (1970), who 

derived a second wave equation now known as the Zerilli equation governing the gravitational perturbations 

associated with mass-energy fluctuations. The remarkable fact, later clarified by Chandrasekhar (1975, 1983), 

that the Regge-Wheeler and Zerilli potentials are related by a supersymmetry-type transformation 

(establishing their “isospectrality”) revealed a profound underlying symmetry of the Schwarzschild geometry. 

Chandrasekhar's monograph “The mathematical theory of black holes” (1983) remains the definitive classical 

reference on these developments. The generalization to the more astrophysically relevant case of rotating 

(Kerr) black holes was achieved by Teukolsky (1973), who derived a master equation governing perturbations 

of any integer spin field in the Kerr background. Unlike the Schwarzschild case, where the perturbation 

equations separate by symmetry, the Kerr case requires a more intricate separation using spin-weighted 

spheroidal harmonics. Teukolsky's equation demonstrated that the Kerr metric supports stable perturbations 

at the linear level for the sub-extremal case (|a| < M), though the proof of mode stability required additional 

work by Whiting (1989), who showed using an integral transformation that the Teukolsky equation possesses 

no exponentially growing modes. 

The subject entered a new mathematical era with the work of Dafermos and Rodnianski, who in a 

series of papers beginning around 2005 developed rigorous analytical methods — built on vector field methods 

and Morawetz estimates to prove quantitative decay estimates for scalar waves on Schwarzschild and Kerr 

backgrounds (Dafermos & Rodnianski, 2010, 2013). Their framework moved beyond the mode-stability 

results of Regge-Wheeler and Whiting to establish uniform boundedness and decay for linearized 

perturbations, a strictly stronger result that forms the foundation for subsequent nonlinear work. 

The culmination of the linear stability program came with the complete linear stability of the 

Schwarzschild solution, proved by Dafermos, Holzegel, and Rodnianski (2019) for the full system of 

linearized Einstein equations. The subsequent breakthrough at the nonlinear level was achieved by Klainerman 

and Szeftel (2022), who proved the nonlinear stability of the Schwarzschild spacetime under axially symmetric 

polarized perturbations. Their proof introduced a new tool the General Covariant Modulation (GCM) 

procedure to dynamically track the center-of-mass frame of the final state (Klainerman & Szeftel, 2022). 

Shortly thereafter, Giorgi, Klainerman, and Szeftel (2022) proved the nonlinear stability of the Kerr family 

for small angular momentum (|a|/m ≪ 1), in a landmark result that completes a decades-long program in 

mathematical general relativity. 

Observational context: gravitational wave astronomy. The theoretical question of black hole stability 

acquired a new empirical dimension with the direct detection of gravitational waves by the Advanced Laser 

Interferometer Gravitational-Wave Observatory (LIGO). On 14 September 2015, the two LIGO detectors 

simultaneously recorded a transient gravitational-wave signal designated GW150914. The observed 

waveform matched the prediction of general relativity for the inspiral, merger, and subsequent ringdown of a 

binary black hole system with component masses of approximately 36 and 29 solar masses, producing a final 

black hole of approximately 62 solar masses with roughly 3 solar masses of energy radiated as gravitational 

waves (Abbott et al., 2016). This detection, published in Physical Review Letters with significance exceeding 

5.1σ, constituted the first direct observational confirmation of binary black hole systems and opened the era 

of gravitational-wave astronomy. From the perspective of stability theory, the most significant feature of 

GW150914 and subsequent events catalogued in the LIGO-Virgo Gravitational Wave Transient Catalogs 

(Abbott et al., 2019, 2021) is the ringdown phase: the damped oscillations of the newly formed black hole as 

it radiates away its deformations and settles into a stationary Kerr state. This ringdown is precisely the physical 

manifestation of the quasinormal mode (QNM) spectrum predicted by perturbation theory (Berti et al., 2009). 

The fact that the observed ringdown signals are consistent with the QNM spectrum of Kerr black holes 

predicted by the Teukolsky equation constitutes direct observational support for the perturbative stability of 

black holes (Isi et al., 2019; Cotesta et al., 2020). Black hole spectroscopy the program of extracting individual 

quasinormal mode frequencies from observed ringdown signals and comparing them to theoretical predictions 

is now an active observational discipline. The potential of this approach to test general relativity and constrain 

deviations from Kerr geometry was first systematically discussed by Dreyer et al. (2004) and has become 

increasingly realizable with improving detector sensitivity. Next-generation instruments such as the Einstein 

Telescope (ET) and the Laser Interferometer Space Antenna (LISA) are expected to detect ringdown signals 
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with signal-to-noise ratios sufficient to resolve multiple QNMs, making precision tests of black hole stability 

theory observationally accessible (Berti et al., 2016; Amaro-Seoane et al., 2017). 

The present review provides a systematic and self-contained account of stability conditions in black 

hole spacetimes, with an emphasis on both the mathematical formalism and the physical interpretation of 

results. We cover the following principal topics: (i) the classical linear perturbation theory of Schwarzschild 

and Kerr black holes, including the Regge-Wheeler, Zerilli, and Teukolsky equations and their effective 

potential structure; (ii) quasinormal modes, their computation by WKB and other methods, and their spectral 

stability properties; (iii) nonlinear stability results, including the landmark theorems of Klainerman and 

Szeftel; (iv) thermodynamic stability and phase transitions of black holes; (v) stability conditions in modified 

gravity theories and higher-dimensional settings; and (vi) the observational connections to gravitational-wave 

ringdown spectroscopy. 

Methodology. The paper developed the methodology of the research program to consider mathematics 

and theoretical physics; rather, it requires a synthesis of analysis, selection and criticism of the existing 

analytical literature under the Black Crown Law. 

Main body. Stability conditions in black hole spacetimes. Linear perturbation theory. The 

mathematical foundation of black hole stability analysis rests on linear perturbation theory, in which the 

physical metric g_{μν} is decomposed into a fixed background g^{(0)}_{μν} and a small perturbation 

εh_{μν}. Substituting into the vacuum Einstein equations and retaining only first-order terms yields a system 

of linearized equations for h_{μν}. A background is declared linearly stable if all physically admissible 

solutions remain bounded for all time, with no exponentially growing modes. 

For the Schwarzschild background, Regge and Wheeler (1957) showed that axial perturbations satisfy 

a Schrödinger-type wave equation in the tortoise coordinate r* = r + 2M ln|r/2M − 1|: 

d²Ψ/dr*²  +  [ω²  −  V_RW(r)] Ψ = 0,     V_RW = (1 − 2M/r)[l(l+1)/r²  −  6M/r³] 

Because V_RW ≥ 0 for all r > 2M and l ≥ 2, the potential supports no bound states with Im(ω) > 0, 

establishing linear mode stability. The even-parity sector was treated by Zerilli (1970) with a distinct but 

isospectral potential — a deep symmetry of the Schwarzschild geometry clarified by Chandrasekhar (1983). 

The extension to rotating Kerr black holes was achieved by Teukolsky (1973), whose master equation governs 

perturbations of any spin-weight field via separation using spin-weighted spheroidal harmonics. Mode 

stability of the sub-extremal Kerr black hole (|a| < M) was then rigorously established by Whiting (1989). 

Nonlinear stability. Linear mode stability establishes only the absence of exponentially growing 

perturbation modes; it does not rule out secular growth driven by nonlinear mode coupling. The complete 

linear stability of the Schwarzschild solution uniform boundedness and inverse-polynomial decay of all 

linearized metric components was proved by Dafermos, Holzegel, and Rodnianski (2019) using a combination 

of vector-field multipliers and Morawetz energy estimates. The landmark step to full nonlinear stability was 

taken by Klainerman and Szeftel (2022), who proved that vacuum spacetimes initially close to Schwarzschild 

under polarized axial symmetry remain globally close and asymptote to a Schwarzschild solution. Their key 

innovation was the General Covariant Modulation (GCM) procedure, which dynamically tracks the center-of-

mass frame of the evolving spacetime. Giorgi, Klainerman, and Szeftel (2022) subsequently extended this 

result to slowly rotating Kerr black holes (|a|/M ≪ 1), completing a program initiated by Regge and Wheeler 

65 years earlier. The full nonlinear stability of Kerr for arbitrary sub-extremal spin remains an open problem. 

Thermodynamic Stability. Black holes obey a thermodynamic analogy formally established by 

Bardeen, Carter, and Hawking (1973) and made physical by Hawking's (1975) derivation of thermal radiation 

at temperature T_H = ℏc³/(8πGMk_B). The heat capacity of the Schwarzschild black hole is: 

C_H  =  dM/dT_H  =  −8πM²  <  0 

The negative heat capacity indicates thermodynamic instability: energy loss through Hawking 

radiation raises the temperature, accelerating the process in a runaway. By contrast, Hawking and Page (1983) 

showed that large Schwarzschild-AdS black holes with horizon radius r₊ > L (the AdS scale) possess positive 

heat capacity and can coexist in stable equilibrium with a thermal bath. At a critical temperature T_HP a first-
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order phase transition occurs between thermal AdS and a large black hole; Witten (1998) interpreted this as 

the holographic dual of confinement-deconfinement transition in the boundary gauge theory. 

Discussion. The body of work surveyed in this review demonstrates that the stability of black holes 

has undergone profound development over the past seven decades, yet several fundamental directions remain 

open. From the standpoint of linear perturbation theory, the most consequential recent achievements are the 

proofs of full nonlinear stability for the Schwarzschild spacetime and for Kerr with small angular momentum 

(Klainerman & Szeftel, 2022; Giorgi, Klainerman & Szeftel, 2022). These results provide a rigorous 

mathematical foundation for the physical reality of black holes within general relativity and confirm that the 

idealised solutions of Einstein's equations do indeed represent genuinely stable configurations of the 

gravitational field. A particularly instructive tension that emerges from the collected results is the disparity 

between dynamical and thermodynamic stability. The Schwarzschild black hole is dynamically stable in the 

strongest available sense: arbitrary small perturbations decay at an inverse-polynomial rate, and the spacetime 

converges asymptotically to a nearby Schwarzschild solution (Dafermos, Holzegel & Rodnianski, 2019; 

Klainerman & Szeftel, 2022). Yet the same spacetime is thermodynamically unstable: its negative heat 

capacity C_H = -8πM² implies that Hawking radiation drives a runaway increase in temperature rather than a 

relaxation toward equilibrium (Hawking, 1975). This dichotomy illustrates that stability is not a single, 

monolithic property but rather a family of distinct conditions, each physically meaningful and each requiring 

independent analysis. 

A further finding of broad relevance is that the extension of stability results to more general black hole 

families grows progressively harder as additional parameters are introduced. Mode stability for the full sub-

extremal Kerr family was established in 1989 by Whiting, but the analogous nonlinear result for arbitrary spin 

|a| < M has not yet been achieved. For the charged Kerr-Newman family, even the complete linear stability 

proof remains outstanding. This hierarchy of difficulty reflects the increasing algebraic complexity of the field 

equations as symmetry is reduced, and points toward the mathematical tools — most notably extensions of 

the GCM procedure — that will be required for future progress. 

Connection to Gravitational-Wave observations. The growing catalog of gravitational-wave detections 

by LIGO and Virgo has transformed the study of black hole stability from a purely theoretical program into 

an observationally testable discipline. The ringdown segment of a binary black hole merger waveform encodes 

the quasinormal mode spectrum of the final Kerr remnant, providing a direct empirical window onto the 

predictions of perturbation theory. The consistency of the GW150914 ringdown with the dominant l = m = 2, 

n = 0 quasinormal mode of Kerr as verified by Isi et al. (2019) constitutes experimental support for the 

perturbative stability of rotating black holes at a level of precision previously inaccessible. 

Despite this progress, current detector sensitivities constrain the scope of black hole spectroscopy. 

Extracting more than a single dominant mode from observed ringdowns requires signal-to-noise ratios 

substantially beyond those routinely achieved by Advanced LIGO in its current configuration. The next-

generation Einstein Telescope and the space-based LISA mission are projected to observe merger events with 

ringdown signal-to-noise ratios one to two orders of magnitude larger than present capabilities, enabling the 

simultaneous resolution of the fundamental mode and multiple overtones (Berti et al., 2016; Amaro-Seoane 

et al., 2017). This will make precision tests of the no-hair theorem and searches for deviations from Kerr 

geometry observationally feasible for the first time. 

Open problems and future research directions. The principal open problems identified in this review 

are summarised in Table 1 below, together with their current resolution status and the most promising research 

directions for each. The most pressing theoretical challenge remains the full nonlinear stability of the Kerr 

black hole for arbitrary sub-extremal spin. While the GCM approach of Klainerman and Szeftel succeeds for 

small |a|/M, the large-spin regime introduces qualitatively new difficulties related to the coupling between 

gravitational and electromagnetic degrees of freedom in the near-extremal limit, and to the presence of trapped 

null geodesics that do not exist in the Schwarzschild geometry. 

Table 1.  

Principal open problems in black hole stability and prospective research directions (as of 2024). 
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Open Problem Current Status Prospective Direction 

Full nonlinear stability of Kerr 

(|a| < M) 

Proved only for small spin 

(GKS, 2022) 

Extension of GCM 

procedure 

Linear stability of Kerr-

Newman 

Incomplete even at linear level Charged Teukolsky 

formalism 

Extremal Kerr stability (|a| = 

M) 

Adiabatic instability suspected New horizon boundary 

conditions 

Black hole stability in quantum 

gravity 

No agreed theoretical 

framework 

Loop QG, string theory 

approaches 

Observational detection of 

QNM spectral instability 

Current detectors insufficient Einstein Telescope, LISA 

mission 

 

A further direction of considerable theoretical and observational interest is the physical significance 

of quasinormal mode spectral instability. While Jaramillo, Macedo & Al Sheikh (2021) demonstrated using 

pseudospectral analysis that the QNM spectrum is sensitive to small perturbations of the effective potential, 

the precise implications for astrophysical ringdown signals where the black hole is embedded in a non-vacuum 

environment remain to be fully characterised. Bridging this gap between the idealized mathematical setting 

and the messy astrophysical reality represents one of the most direct connections between mathematical 

general relativity and gravitational-wave data analysis. 

Conclusion. This review has examined stability conditions in black hole spacetimes across a broad 

range of theoretical frameworks, spanning classical linear perturbation theory, nonlinear global analysis, 

thermodynamic stability, and the emerging observational interface with gravitational-wave astronomy. The 

following conclusions are drawn from the material presented. 

First, the linear stability program initiated by Regge and Wheeler (1957) has been brought to a rigorous 

completion. For the Schwarzschild spacetime, uniform boundedness and quantitative decay of all linearised 

metric components were established by Dafermos, Holzegel & Rodnianski (2019), providing a complete 

affirmative answer to the question of linear stability that had been open for over sixty years. 

Second, the transition from linear to full nonlinear stability represents the most significant recent 

advance in the field. Klainerman & Szeftel (2022) proved that axially symmetric polarised perturbations of 

the Schwarzschild spacetime remain globally bounded and asymptote to a Schwarzschild solution, while 

Giorgi, Klainerman & Szeftel (2022) extended this conclusion to slowly rotating Kerr black holes. These 

proofs, which required entirely new analytical machinery, rank among the landmark results of modern 

mathematical physics. 

Third, dynamical and thermodynamic stability are logically independent, and both must be assessed 

when characterising a black hole solution. The Schwarzschild black hole is dynamically stable but 

thermodynamically unstable, while large Schwarzschild-AdS black holes are stable in both senses. This 

distinction carries practical consequences for the interpretation of black hole evolution in astrophysical and 

holographic contexts. 

Fourth, gravitational-wave ringdown observations provide a direct empirical test of stability theory. 

The agreement between observed ringdown frequencies and the quasinormal mode predictions of the 

Teukolsky equation demonstrated for GW150914 by Isi et al. (2019) validates the perturbative framework at 

the observational level. The forthcoming Einstein Telescope and LISA missions will extend this validation to 

a full multi-mode spectroscopic analysis. 

Fifth, several fundamental problems remain open, most notably the full nonlinear stability of Kerr for 

arbitrary sub-extremal spin, the linear stability of Kerr-Newman, and the stability of black holes in quantum 

gravity frameworks. These open problems define a clear research agenda for the coming decade and 

underscore the continuing vitality of this field at the intersection of mathematical analysis, theoretical physics, 

and observational astronomy. 
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In summary, the stability of black holes stands as one of the deepest and most productive problems in 

contemporary theoretical physics. What began as an abstract mathematical question about the internal 

consistency of exact solutions to Einstein's equations has evolved into a discipline with direct observational 

implications and rich connections to thermodynamics, holography, and gravitational-wave science. Each new 

result whether a rigorous stability theorem or a precision ringdown measurement deepens our understanding 

of the most extreme objects in the universe and of the gravitational theory that predicts them. 
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